























AFFINE ORIENTED FROBENIUS BRAUER CATEGORIES
ALEXANDRA MCSWEEN AND ALISTAIR SAVAGE
Abstract. To any Frobenius superalgebra A we associate an oriented Frobenius Brauer category
and an affine oriented Frobenius Brauer categeory. We define natural actions of these categories on
categories of supermodules for general linear Lie superalgebras glm|n(A) with entries in A. These
actions generalize those on module categories for general linear Lie superalgebras and queer Lie
superalgebras, which correspond to the cases where A is the ground field and the two-dimensional
Clifford algebra, respectively.
1. Introduction
The oriented Brauer category OB is the free linear rigid symmetric monoidal category generated
by a single object ↑. This universal property immediately implies the existence of a monoidal functor
F : OB → mod-gln
from OB to the category of right modules for the general linear Lie algebra gln. (One can also work
with left modules, but right modules turn out to be easier for the current paper.) This functor sends
the generating object ↑ and its dual ↓ to the defining gln-module V and its dual V
∗, respectively.
For r ≥ 1, the endomorphism algebra EndOB(↑
⊗r) is the group algebra of the symmetric group on




induced by F is the classical one appearing in Schur–Weyl duality. More generally, EndOB(↑
⊗r
⊗ ↓⊗s) are walled Brauer algebras and the induced algebra homomorphisms
EndOB(↑
⊗r ⊗ ↓⊗s) → Endgln(V
⊗r ⊗ (V ∗)⊗s)
were originally defined and studied by Turaev [Tur89] and Koike [Koi89].
The rank n of gln appears as a parameter in OB. In fact, the definition of OB makes sense
for any value of this parameter, i.e. it need not be a positive integer. This observation leads to
the definition of Deligne’s interpolating category for the general linear Lie groups [Del07]; this
interpolating category is the additive Karoubi envelope of OB.
The functor F yields an action of OB on mod-gln. More precisely, for a category C, let End (C)
denote the corresponding strict monoidal category of endofunctors and natural transformations.
Then we have a functor
OB → End (mod-gln), X 7→ F (X)⊗−, f 7→ F (f)⊗−,
for objects X and morphisms f in OB . In [BCNR17], this was extended to an action of the affine
oriented Brauer category AOB on mod-gln. The category AOB is obtained from OB by adjoining
an additional endomorphism of the generating object ↑, subject to certain natural relations. This
additional endomorphism acts by a natural transformation of the functor V ⊗− arising from multi-
plication by a certain canonical element of gln ⊗ gln. Restricting to endomorphism spaces recovers
actions of affine walled Brauer algebras studied in [RS15, Sar14].
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In fact, much of the above picture can be generalized, replacing gln by the general linear Lie
superalgebra glm|n. Remarkably, one does not need to modify OB or AOB at all. Here the corre-
sponding Schur–Weyl duality was established by Sergeev [Ser84a] and Berele–Regev [BR87], while
the action of the walled Brauer algebras was described in [BS12, Th. 7.8]. The analogue of the
functor F above is described in [ES16, Th. 4.16]. The extension of the action to AOB does not
seem to have appeared in the literature, but is certainly expected by experts. For example, it is
mentioned in the introduction to [BCNR17].
The affine oriented Brauer category AOB is a special case of more general category. The Heisen-
berg category at central charge −1 was first introduced by Khovanov [Kho14] as a tool to study the
representation theory of the symmetric group. In [MS18], it was generalized to arbitrary negative
central charge, which corresponds to replacing the symmetric group by more general degenerate
cyclotomic Hecke algebras of type A. In [Bru18], Brundan gave a simplified presentation of the
Heisenberg category Heisk at arbitrary central charge k. When k = 0, the Heisenberg category is
precisely the affine oriented Brauer category.
The Heisenberg category has been further generalized in [RS17, Sav19, BSW20a] to the Frobe-
nius Heisenberg category Heisk(A) depending on a Frobenius superalgebra A. When A = k, this
construction recovers the Heisenberg category. When k 6= 0, the category Heisk(A) acts naturally
on categories of modules over the cyclotomic wreath product algebras defined in [Sav20]. However,
actions in the case k = 0 have not yet been studied. In some sense, central charge zero yields the
simplest and most interesting case. For example, Heisk(A) is symmetric monoidal if and only if
k = 0.
The goal of the current paper is to fill in this gap in the literature. In analogy with the A = k
case, we call the Frobenius Heisenberg category at central charge zero the affine oriented Frobenius
Brauer category AOB(A). It contains a natural Frobenius algebra analogue of the oriented Brauer
category, which we call the oriented Frobenius Brauer category OB(A). We define, in Theorems 5.1
and 5.2, natural functors
OB(A) → smod-glm|n(A), AOB(A) → End (smod-glm|n(A)),
where smod-glm|n(A) denotes the monoidal supercategory of right supermodules for the general
linear Lie superalgebra with entries in the Frobenius superalgebra A.
When A = k, we recover the functors described above for glm|n = glm|n(k). On the other
hand, if A = Cl is the two-dimensional Clifford superalgebra, then glm|n(Cl) is isomorphic to the
queer Lie superalgebra q(m + n), and our functors recover those defined in [BCK19]. As in the
A = k case, these functors extend Schur–Weyl duality results for queer Lie superalgebras [Ser84b],
actions of walled Brauer–Clifford superalgebras [JK14], and actions of affine walled Brauer–Clifford
superalgebras [BCK19, GRSS19]. In fact, the Clifford superalgebra is the main example of interest
where the Frobenius superalgebra is not symmetric. Since this case has already been studied in the
aforementioned papers, we assume throughout the current document that A is symmetric, as this
simplifies the exposition. We have indicated in Remark 4.6 the modification that needs to be made
to handle the more general case.
The results of the current paper extend the powerful category theoretic tools that have been used
to study the representation theory of general linear Lie superalgebras and queer Lie superalgebras
to the setting of general linear Lie superalgebras over Frobenius superalgebras. For example, in
Proposition 5.3, we see that these functors yield central elements in the universal enveloping algebra
generalizing the known generators of this center in the A = k and A = Cl cases. WhenA = k[x]/(xl),
then glm|n(A) is a truncated current superalgebra (also called a Takiff algebra when m = 0 or n = 0).
In this case, Brauer category type methods do not seem to have appeared in the literature before.
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The results of the current paper lead naturally to several avenues of further research. We conclude
this introduction by listing a few such directions here.
(a) Interpolating categories. The idempotent completion of OB(A) is a natural candidate for
an interpolating category for smod-glm|n(A), which could potentially be used to generalize
work of Deligne and others in the case n = 0, A = k.
(b) Frobenius Schur algebras One should be able to define Schur algebras depending on a Frob-
nenius superalgebra A such that, when A = k, one recovers the usual Schur algebras.
(c) Cyclotomic quotients. In the cases A = k and A = Cl, cyclotomic quotients of AOB(A) have
been studied in [BCNR17, BCK19]. We expect that many of these results can be extended
to the setting of general Frobenius superalgebras.
(d) Quantum analogues. The quantum Frobenius Heisenberg categories, introduced in [BSW20b],
are natural quantum analogues of Frobenius Heisenberg categories. The special case of cen-
tral charge zero yields a natural quantum affine oriented Frobenius Brauer category. When
A = k, this is the affine HOMFLY-PT skein category. Then quantum affine oriented Frobe-
nius Brauer categories should act on as-yet-to-be-defined quantum enveloping algebras of
glm|n(A) and yield Frobenius analogues of the HOMFLY-PT link invariant.
Acknowledgements. This research was supported by Discovery Grant RGPIN-2017-03854 from
the Natural Sciences and Engineering Research Council of Canada (NSERC).
2. Monoidal supercategories
Throughout the paper, we fix a ground field k. All vector spaces, algebras, categories, and func-
tors will be assumed to be linear over k unless otherwise specified. Unadorned tensor products denote
tensor products over k. Most things in the article will be enriched over the category SVec of vector
superspaces, that is, Z/2Z-graded vector spaces V = V0̄ ⊕ V1̄ with parity-preserving morphisms.
Writing v̄ ∈ Z/2Z for the parity of a homogeneous vector v ∈ V , the category SVec is a symmetric
monoidal category with symmetric braiding V ⊗W → W ⊗ V defined by v⊗w 7→ (−1)v̄w̄w⊗ v for
homogeneous v,w, and extended by linearity.
For superalgebras A = A0̄ ⊕ A1̄ and B = B0̄ ⊕ B1̄, multiplication in the superalgebra A ⊗ B is
defined by
(2.1) (a′ ⊗ b)(a⊗ b′) = (−1)āb̄a′a⊗ bb′
for homogeneous a, a′ ∈ A, b, b′ ∈ B. The center Z(A) is the subalgebra generated by all homoge-
neous a ∈ A such that
(2.2) ab = (−1)āb̄ba
for all homogeneous b ∈ A. The cocenter C(A) is the quotient of A by the subspace spanned by
ab− (−1)āb̄ba for all homogeneous a, b ∈ A. Note that, a priori, C(A) is only a vector superspace,
and not a superalgebra.
Throughout this document, we will be working with strict monoidal supercategories in the sense of
[BE17]. A supercategory is a category enriched in SVec. Thus, its morphism spaces are superspaces
and composition is parity preserving. A superfunctor between supercategories induces a parity-
preserving linear map between morphism superspaces. For superfunctors F,G : A → B, a supernat-
ural transformation α : F ⇒ G of parity r ∈ Z/2Z is the data of morphisms αX ∈ HomB(FX,GX)r
for each X ∈ A such that Gf ◦ αX = (−1)
rf̄αY ◦ Ff for each homogeneous f ∈ HomA(X,Y ). A
supernatural transformation α : F ⇒ G is α = α0̄ + α1̄ with each αr being a supernatural transfor-
mation of parity r.
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In a strict monoidal supercategory, the super interchange law is
(2.3) (f ′ ⊗ g) ◦ (f ⊗ g′) = (−1)f̄ ḡ(f ′ ◦ f)⊗ (g ◦ g′).
We denote the unit object by 1 and the identity morphism of an object X by 1X . We will use
the usual calculus of string diagrams, representing the horizontal composition f ⊗ g (resp. vertical
composition f ◦ g) of morphisms f and g diagrammatically by drawing f to the left of g (resp.
drawing f above g). Care is needed with horizontal levels in such diagrams due to the signs arising
from the super interchange law:





We refer the reader to [Sav21] for a brief overview of string diagrams suited to the current paper,
to [TV17, Ch. 1, 2] for a more in-depth treatment, and to [BE17] for a detailed discussion of signs
in the super setting.
3. General linear Lie supersalgebras over Frobenius superalgebras
Throughout this document A will denote a symmetric Frobenius superalgebra with parity-
preserving trace map tr : A→ k. Thus
(3.1) tr(ab) = (−1)āb̄ tr(ba) = (−1)ā tr(ba) = (−1)b̄ tr(ba), a, b ∈ A,
where the second and third equalities follow from the fact that tr(ab) = 0 unless ā = b̄. The
definition of a Frobenius superalgebra gives that A possesses a homogeneous basis BA and a left
dual basis {b∨ : b ∈ BA} such that
(3.2) tr(b∨c) = δb,c, b, c ∈ BA.








Note that b̄ = b∨, and that the left dual basis to {b∨ : b ∈ BA} is given by
(3.4) (b∨)∨ = (−1)b̄b.
Remark 3.1. More generally, a (not necessarily symmetric) Frobenius superalgebra is an associa-
tive superalgebra with a trace map admitting dual bases, but where we do not require the trace
map to satisfy (3.1). One can show that there is an automorphism ψ of A, called the Nakayama
automorphism, such that tr(ab) = (−1)āb̄ tr(bψ(a)). More generally, one can also allow the trace
map to be parity reversing.
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where, in the second equality, we used the fact that tr(e∨abc) = 0 unless ē+ ā+ b̄+ c̄ = 0 to simplify
the exponent of −1. 
Fix m,n ∈ N. For 1 ≤ i ≤ m+ n, define p(i) ∈ Z/2Z by
(3.6) p(i) =
{
0̄ if 1 ≤ i ≤ m,
1̄ if m+ 1 ≤ i ≤ m+ n.
Let Matm|n(A) be the associative superalgebra consisting of (m+n)× (m+n) matrices with entries
in A, where multiplication is given by matrix multiplication and the Z/2Z-grading is defined as
follows. For a ∈ A and 1 ≤ i, j ≤ m + n, let a(i,j) ∈ Matm|n(A) denote the matrix with a in the
(i, j) position and 0 in all other positions. Then, for homogeneous a ∈ A, we define
a(i,j) = ā+ p(i) + p(j).
It is straightfoward to verify that Matm|n(A) is a symmetric Frobenius superalgebra, with trace
trm|n := tr ◦ str : Matm|n(A) → k,
where str is the usual supertrace. Thus, for 1 ≤ i, j ≤ m+ n and a ∈ A, we have
trm|n(a(i,j)) = δi,j(−1)
p(i) tr(a).
Let g = gm|n(A) denote the Lie superlagebra associated to Matm|n(A). Precisely, g is equal to
Matm|n(A) as a k-supermodule and the Lie superbracket is defined by
[M,N ] =MN − (−1)M̄N̄NM.
for homogeneous M,N ∈ g and extended by linearity. We have that
(3.7) Bg := {b(i,j) : b ∈ BA, 1 ≤ i, j ≤ m+ n}
is a basis for g with left dual basis (with respect to trm|n) given by
(3.8) (b(i,j))
∨ = (−1)p(j)b∨(j,i).
Note that, here and in what follows, we adopt the convention that we apply the symbol ∨ before
considering subscripts. Thus, for example, b∨(i,j) = (b
∨)(i,j).
Example 3.3. When A = k, then gm|n(k) is the usual general linear superalgebra over k.
Example 3.4. If A = k[t]/(tl), l ≥ 2, then gm|n(A) is a truncated current superalgebra. When
n = 0, this is also known as a Takiff algebra.
Example 3.5. Let Cl denote the two-dimensional Clifford superalgebra generated by an odd ele-
















where Matn(k) denotes the set of n × n matrices with entries in k. Then it is straightforward to
verify that we have an isomorphism of Lie superalgebras q(m+ n)
∼=










7→ cp(i)+p(j)+11(i,j), 1 ≤ i, j ≤ m+ n.
Note that Cl is not actually a symmetric Frobenius superalgebra in the sense discussed above
(where we required the trace map to be parity preserving). However it is a Frobenius superalgebra;
see Remark 3.1. Up to a scalar multiple, there are two choices of homogeneous trace map, one
parity preserving and one parity reversing. Under the parity-reversing trace map, Cl is symmetric,
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while under the parity-preserving trace map it has nontrivial Nakayama automorphism given by
ψ(c) = −c.
Let Am|n denote the k-supermodule equal to Am+n as a k-module, with Z/2Z-grading determined
by
aei = ā+ p(i), a ∈ A, 1 ≤ i ≤ m+ n,
where ei denotes the element of A
m|n with a 1 in the i-th entry and all other entries equal to 0. We
will also consider Am|n as a left A-supermodule with action
a(a1, . . . , am+n) = (aa1, . . . , aam+n).
Let smod-g denote the category of right g-supermodules. Let V+ = A
m|n, written as row matrices,
and let V− = A
m|n, written as column matrices. Then V+ is naturally a right g-supermodule with
action given by right matrix multiplication, while V− is a right g-supermodule with action
(3.9) v ·M := −(−1)v̄M̄Mv, v ∈ V−, M ∈ g.
We define the k-bilinear form
(3.10) B : V− ⊗ V+ → k, B(v ⊗ w) := (−1)
v̄w̄ tr(wv).
It is straightforward to verify that B is a homomorphism of right g-supermodules.
For a ∈ A and 1 ≤ i ≤ m+ n, let ai,± denote the element of V± with a in the i-th position and
0 in every other position. Then
(3.11) B+ := {bi,+ : b ∈ BA, 1 ≤ i ≤ m+ n} and B− := {b
∨
i,− : b ∈ BA, 1 ≤ i ≤ m+ n}
are dual bases of V+ and V− with respect to the bilinear form B. For v = bi,+ ∈ B+, let v
∨ = b∨i,− ∈
B−. Thus, we have B(v





M ⊗M∨ ∈ g⊗ g, τ :=
∑
b∈BA
b⊗ b∨ ∈ A⊗A.
The following result will be crucial in our computations of the categorical action of the affine oriented
Frobenius Heisenberg category.
Lemma 3.6. For all u, v ∈ V+, we have
(3.13) τ(u⊗ v) = (−1)ūv̄(v ⊗ u)Ω.
Proof. It suffices to prove the result for u = ak,+ and v = cl,+, where a, c ∈ A and 1 ≤ k, l ≤ m+n.
We have













































= (−1)(ā+p(k))(c̄+p(l))τ(cl,+ ⊗ ak,+). 
4. Affine oriented Frobenius Brauer categories
We introduce here our main object of study, the affine oriented Frobenius Brauer category. This
is the central charge k = 0 case of the Frobenius Heisenberg category Heisk(A) introduced in [Sav19]
and further studied in [BSW20a].
Definition 4.1. The oriented Frobenius Brauer category OB(A) associated to the symmetric Frobe-
nius superalgebra A is the strict monoidal supercategory generated by objects ↑ and ↓ and morphisms
: ↑ ⊗ ↑ → ↑ ⊗ ↑ , a : ↑ → ↑ , a ∈ A,
: 1→ ↓ ⊗ ↑, : ↑ ⊗ ↓ → 1, : 1→ ↑ ⊗ ↓, : ↓ ⊗ ↑ → 1,
subject to the relations
1 = , λ a + µ b = λa+µb ,
b
a = ab ,(4.1)





= , = , = = ,(4.3)
= , = ,(4.4)
for all a, b ∈ A and λ, µ ∈ k. In the above, the left and right crossings are defined by
(4.5) := , := .
The parity of a is ā, and all the other generating morphisms are even.
Remark 4.2. One can define OB(A) equivalently as the strict monoidal supercategory generated
by the morphisms
, , , , a , a ∈ A,
subject to the relations (4.1), (4.2), and (4.4), and the first two equalities in (4.3). In this presen-
tation, one defines the left cup and cap by
= and = .
We refer to the morphisms a as tokens. It follows from (4.1) and (4.2) that the map
A→ EndAOB(A)(↑), a 7→ a ,
is a superalgebra homomorphism and, also using (2.4), that
a
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We do not insist that the tokens in a teleporter (4.6) are drawn at the same horizontal level. The
convention when this is not the case is that b is on the higher of the tokens and b∨ is on the lower
one. We will also draw teleporters in larger diagrams. When doing so, we add a sign of (−1)yb̄ in
front of the b summand in (4.6), where y is the sum of the parities of all tokens in the diagram







This convention ensures that one can slide the endpoints of teleporters along strands:
a c = a c = a c = a c .



















where the strings can occur anywhere in a diagram (i.e. they do not need to be adjacent). The
endpoints of teleporters slide through crossings and they can teleport too. For example we have
(4.8) = , = = .
Definition 4.3. The affine oriented Frobenius Brauer category AOB(A) associated to the Frobenius
superalgebra A is the strict monoidal supercategory obtained from OB(A) by adjoining an even
generator : ↑→↑, which we call a dot, subject to the relations
(4.9) − = , a = a , a ∈ A.
It follows from (4.2) and (4.9) that we also have
(4.10) − = .
In addition, endpoints of teleporters slide through dots:
(4.11) = .
Remark 4.4 (Z-grading). If the symmetric Frobenius superalgebra A is Z-graded with the trace
map tr of degree −dA, then the categories OB(A) and AOB(A) are also naturally Z-graded. The









= deg ( ) = deg ( ) = deg ( ) = ( ) = 0.
All of the results of the current paper can be carried out in the graded setting.
Example 4.5. As noted in the introduction, when A = k, the categories OB(k) and AOB(k)
are the oriented Brauer and affine oriented Brauer categories, respectively; see [BCNR17]. The
endomorphism algebras of OB(k) are oriented Brauer algebras, which are isomorphic to walled
Brauer algebras.
Remark 4.6. The definitions of OB(A) and AOB(A) can be generalized to allow for A to be a (not
necessarily symmetric) Frobenius superalgebra with trace map of arbitrary parity. The only change
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to the relations is that the parity of the dot is equal to the parity tr of the trace map (i.e. the dot
is odd if the trace map is parity reversing) and the second relation in (4.9) becomes
a = (−1)ātr ψ(a) , a ∈ A,
where ψ is the Nakayama automorphism. (This level of generality was considered in [Sav19].)
With this modification, we can take A to be the two-dimensional Clifford superalgebra Cl; see
Example 3.5. Then OB(Cl) and AOB(Cl) are the oriented Brauer–Clifford and degenerate affine
oriented Brauer–Clifford supercategories, respectively, introduced in [BCK19].
We recall some other relations, which are proved in [Sav19, Th. 1.3], that follow from the defining
relations. In what follows, the relations not involving dots hold in both OB(A) and AOB(A). The
relations (4.4) means that ↓ is right dual to ↑. In fact, we also have
(4.12) = , = ,
and so ↓ is also left dual to ↑. Thus OB(A) and AOB(A) are rigid. Furthermore, we have that
(4.13) := = , := = , a := a = a , a ∈ A.
These relations mean that dots, tokens, and crossings slide over all cups and caps:
a = a , a = a , = , = ,(4.14)
= , = , = , = .(4.15)
More precisely, the cups and caps equip OB(A) and AOB(A) with the structure of strict pivotal
supercategories; see [BSW20a, (5.16)]. It follows from the definition of the tokens on downward
strands that
b
a = (−1)āb̄ ba .




We adopt the following conventions for bubbles with a negative number of dots:
(4.16) ar = −δr,−1 tr(a), a r = δr,−1 tr(a) if r < 0.





which is well-defined independent of the choice of the basis BA.







and the bubble slide relations















also holds for all orientations of the strands.
10 ALEXANDRA MCSWEEN AND ALISTAIR SAVAGE
We next recall the basis theorem for AOB(A). Recall that the cocenter C(A) of A is the quotient
of A by the subspace spanned by ab − (−1)āb̄ba for all homogeneous a, b ∈ A. For a ∈ A, we let ȧ
denote its canonical image in C(A).
We define Sym(A) to be the symmetric superalgebra generated by the vector superspace C(A)[x],







0 if n < 0,
tr(a) if n = 0,
ȧxn−1 if n > 0.
This defines a parity-preserving linear map en : A → Sym(A). By [BSW20a, Lem. 7.1], for each







∨b) = δn,0 tr(ab), for all a, b ∈ A.
In the special case that A = k, Sym(A) may be identified with the algebra of symmetric functions
so that en(1) corresponds to the n-th elementary symmetric function and hn(1) corresponds to the
n-th complete symmetric function.
It follows from (4.18) and (4.22) that we have an homomorphism of superalgebras
(4.23) β : Sym(A) → EndAOB(A)(1), en(a) 7→ (−1)
n−1
a n−1 , hn(a) 7→ an−1 , n ≥ 1.
Let X = Xn ⊗ · · · ⊗ X1 and Y = Ym ⊗ · · · ⊗ Y1 be objects of AOB(A) for Xi, Yj ∈ {↑, ↓}. An
(X,Y )-matching is a bijection between the sets
{i : Xi =↑} ⊔ {j : Yj =↓} and {i : Xi =↓} ⊔ {j : Yj =↑}.
A reduced lift of an (X,Y )-matching is a string diagram representing a morphism X → Y such that
• the endpoints of each string are points which correspond under the given matching;
• there are no floating bubbles and no dots or tokens on any string;
• there are no self-intersections of strings and no two strings cross each other more than once.
For each (X,Y ) matching, fix a set D(X,Y ) consisting of a choice of reduced lift for each (X,Y )-
matching. Then let D◦(X,Y ) denote the set of all morphisms that can be obtained from the
elements of D(X,Y ) by adding a nonnegative number of dots and one element of BA near to the
terminus of each string (i.e. such that there are no crossings between the terminus and the dots and
elements of BA).
Using the homomorphism β from (4.23), we have that, for X,Y ∈ AOB(A), HomAOB(A)(X,Y ) is
a right Sym(A)-supermodule under the action
φθ := φ⊗ β(θ), φ ∈ HomAOB(A)(X,Y ), θ ∈ Sym(A).
Theorem 4.7 ([BSW20a, Th. 7.2]). For X,Y ∈ AOB(A), the morphism space HomAOB(A)(X,Y )
is a free right Sym(A)-supermodule with basis D◦(X,Y ).
It follows from Theorem 4.7 that the map (4.23) is an isomorphism of superalgebras. By the
n = 1 case of (4.18), we see that
(4.24) a = a , a ∈ A.
Furthermore, it follows from (4.19) that these bubbles are strictly central:
(4.25) a = a , a ∈ A.
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For any linear map θ : C(A) → k, we can define the specialized oriented Frobenius Brauer category
OB(A, θ) by imposing on OB(A) the additional relation
(4.26) a = θ(a), a ∈ A.
Similarly, we can define the specialized affine oriented Frobenius Brauer category AOB(A, θ) by
imposing on AOB(A) the relation (4.26). We will see in (5.1) that, under the categorical action
to be defined in Section 5, the bubbles (4.24) act by multiplication by the supertrace of the map
V+ → V+, v 7→ av. Hence these actions factor through the corresponding specialized categories.
5. Categorical action
We are now ready to define the action of the oriented Frobenius Brauer category and the affine
oriented Frobenius Brauer category on the category of supermodules for g = gm|n(A).
Theorem 5.1. We have a monoidal superfunctor ψ : OB(A) → smod-g given on objects by ↑ 7→ V+,
↓ 7→ V− and on morphisms by
ψ( ) : V+ ⊗ V+ → V+ ⊗ V+, v ⊗w 7→ (−1)
v̄w̄w ⊗ v,
ψ( a ) : V+ 7→ V+, v 7→ av,








ψ( ) : V+ ⊗ V− → k, v ⊗w 7→ (−1)
v̄w̄B(w ⊗ v),
ψ( ) : V− ⊗ V+ → k, v ⊗w 7→ B(v ⊗ w).
Proof. We must show that ψ respects the relations (4.1) to (4.4). We first note that, using the
definitions (4.5) and (4.13), the maps
ψ( ) : V+ ⊗ V− → V− ⊗ V+, ψ( ) : V− ⊗ V+ → V+ ⊗ V−, ψ( ) : V− ⊗ V− → V− ⊗ V−






(−1)w̄w∨ ⊗ w ⊗ v 7→
∑
w∈B−
(−1)w̄+v̄w̄w∨ ⊗ v ⊗w 7→ v,
verifying the third equality in (4.3). The remaining relations are similarly verified by direct compu-
tation. 






















where sdim(A) = m dim(A0̄) + n dim(A1̄)−m dim(A1̄)− n dim(A0̄) is the super dimension of V+.
For a supercategory C, let End k(C) denote the strict monoidal supercategory of superfunctors
and supernatural transformations. An action of a monoidal supercategory D on a supercategory C
is a monoidal superfunctor D → End k(C). It follows immediately from Theorem 5.1 that OB(A)
acts on smod-g by
X 7→ ψ(X) ⊗−, f 7→ ψ(f)⊗−
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for objects X in OB(A) and morphisms f in OB(A). The following result extends this action to
AOB(A).
Theorem 5.2. We have a monoidal superfunctor Ψ: AOB(A) → End k(smod-g) given on objects
by ↑ 7→ V+ ⊗−, ↓ 7→ V− ⊗− and on morphisms by
Ψ(f) = ψ(f)⊗−, f ∈ { , a , , , , : a ∈ A},
and Ψ( ): V+ ⊗− → V+ ⊗− is the functor with components
Ψ( )W : V+ ⊗W → V+ ⊗W, v ⊗w 7→ (v ⊗ w)Ω,
for W ∈ smod-gld(A), where Ω is the element defined in (3.12).
Proof. In light of Theorem 5.1, it suffices to check that Ψ( ) is a supernatural transformation, which





: V+ ⊗ V+ ⊗W → V+ ⊗ V+ ⊗W
is the map given by













: V+ ⊗ V+ ⊗W → V+ ⊗ V+ ⊗W
is the map given by
u⊗ v ⊗ w 7→
∑
M∈Bg
(−1)w̄M̄u⊗ vM ⊗ wM∨ 7→
∑
M∈Bg











(u⊗ v ⊗ w).














(v ⊗ w). 
As explained in the introduction, when A = k, Theorems 5.1 and 5.2 recover known results.
Furthermore, as noted in Remark 4.6, the definitions of OB(A) and AOB(A) can be generalized
to allow A to be the two-dimensional Clifford superalgebra. In this case, the actions described in
Theorems 5.1 and 5.2 correspond to those described in [BCK19, §4.2 and Th. 4.4] on supermodules
for the queer Lie superalgebra (see Example 3.5).
The center Z(End (smod-g)) := EndEnd (smod-g)(1) of the category End (smod-g) can be naturally
identified with Z(U(g)) via the map
(5.3) ρ : Z(U(g))
∼=
−→ Z(End (smod-g)), u 7→ ρu,
where ρu is the natural transformation whose W -component for W ∈ smod-g is
(ρu)W : W →W, w 7→ (−1)
ūw̄wu.
Then it follows from Theorem 5.2 and (4.23) that we have a homomorphism of superalgebras
ρ−1 ◦Ψ ◦ β : Sym(A) → Z(U(g)).
The following proposition describes this map explicitly.
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where we adopt the convention that ir+1 = i1 and br+1 = b1.


























p<q b̄p b̄qck,− ⊗ ac
∨
k,+(b1)i1,j1 · · · (br)ir ,jr ⊗ w(b
∨











p<q b̄pb̄qci1,− ⊗ (ac
∨b1 · · · br)jr ,+ ⊗ w(b
∨













p<q b̄p b̄q tr(cac∨b1 · · · br)w(b
∨















p=1 b̄pw(b∨1 )i2,i1 · · · (b
∨
r−1)ir ,ir−1(cac
































The result then follows by shifting the indices of the bi by 1. 
When A = k, Proposition 5.3 recovers the elements described in [BCNR17, Rem. 1.4]. For
A = Cl (see Remark 4.6), these central elements were computed in [BCK19, Th. 4.5].
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